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J/fodeléné

We wort to leamn how £o viathematically fepresext dsmm’\c. systems . Spec:nc\'cq,\\ﬂ we worl te weite

dowm equations that express the oubput as a function of the imput, and some infermal parametess,

U —y Sgstem — Yy

Impor{anf'- ALL | models ase tafong ,but some ore tseful.

It\pds com be :
> Endogenous: can be momipuloted by the desiqnec ,e.g. control inputs
> Exogerous: generted by fhe enviconmed ond coxt be conlrolled , ¢.q. difurbances

{hey encompass evecylhing thot affects the System ovec Lime.

The outptts caw be classified os:
> Meosused oudputs: whof we com meosuce (sensess) , e.q. Speed of car
> Reformance oudputs: not dicectly measuroble ,but we wont o covbrol , e.g. ovy. fuel congumpd.

they encomposs everyfhing thob we obsesve aboul the system owec time.
Internol pocameters ace sysem gpecific avd do wet clhonge over bime.

Al systems Dot we work fo deseribe , com be vepresented by diffesential eguotions.

Thot means thof the way the system is chomging , is reloted & the curent state

how the systew c\no.vxses = f-(cu.rrm{: stole)



EXON\'\g\E.'-

Hookes Low:
Newtons secsnd low : F=wmo I-;,ﬁ“; ltz;_n;sp\mﬁ
2 A AlA fing
Y Rastor'mﬂ const.
k TFos this sys'tem : - = force.

no vai‘.n

> = -— 2“d ocdec ODE

Since. K ondwm are constart, we cam observe that o dange of p(t) mud be accompanied

by a c\\ahae. M

We can also a\:p\Y an external forte u(t) bo ne S\/Sl'&M :

2_NW I 1) Now Newtons Second louo tjelds - - .
K

no vai‘.n

> = - — 2'\d ordes ODE

Now he input force 12(+) alse influences how the eystem changes.

1§ we toke closer lock of the 2™ ordes ODE we con vegoenize fhot i can be re-written og

o system of 1 ocdes ODEs (see Lineas Algebra ).

With the subditubion:

X, = ptd)
X, = 5(d)
toe obtom: which com also be ve -writen in mobrix Jorm.

X0 = 2,0 @\ [0 1\[x,w) [0
. " 1 = L. *l, jud
) = "wa, ) +wul) 1w/ \-w o\, \w

This is sowmetiing we already know and con solve . The only thing Left to do is defining

whot we work fo meosure im our Systew ,ie. whot the output is Here we con measue,

for esample, the ~elocily of the mass .



The outpul yt) is then equal to p(t) and therefore X ,(£). Now we com write
everything logether 0.5 :

rw\ [0 1\ [xw) [0

. i [ + : ut)

iwl \‘wmol \xw/ \& R 2_WW . uw
K

2, e sy L
y& = (0 1)
Z,(4)

This system of equobions now represents the origmol ™oss-speing system.

,®

The vector X =( covtains all stote vosiables of the 535{33% The stotes desccibe how o svdsh.’m

2

chonges internally ovec time . It can be thought of as o memery , containing o summory of how the

sgstem behoved m the past. Givew the inbernol toles ond the curvedt input , we can uniguley

Wedid’. any future behavior.

We o vow generalize this o o standard form thot we wil generally wse bo describe dynamic systems.

() = F(x®),ub)
y) = h(x®), u®)

This is colled the state -space forr |, Since we ase obsexving how the stole vectsr x changes.

E xomgle : Swiua (from the [ecture)

; 2 Notakion
0
6 : Swing angle
L ™ : Point mass
L: Pendulum length
5~L g: Geovity
c : Friction coefficent
w— uw: Horizontol push force
L,
> Givew :

balance of angular momentum

balance of angular momentum for B € B if B = CM or vg = 0 and if Iz =0:

Mg = Ipw in3b |MB = IBw| with Ip = Icm + M(Az)?

(Hedn. IT summary)
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The formula includes the , the , ond

the ongulas occelesotion . In ous cose the volues are:

! l l

= lmg sin0 (£) -co(t) Leos@(t) ult)

< <

o o
l l
Mo togue. u(t)
-
o torque.
™3
So ous ODE becomes:
é:
and we define the ou{.Pu.Jc to be:
y(t) = 6(t)
Now we set: ond obtaim:
x, ) = z,1)
x,(t) =6(t)
, = m () = - lmg sin X, (8) - ¢ X,(0) + Leos X, () ult)
x,(t) =6(t)

¥ = %,
which agoiw 15 0. sydtem of 1 ocdes ODEs in the shate space Yepresentation. |n

the comming weeks we will fusther investigate stole. spoce represertation.



Block dia 9° mS

Block dingroms ose om effechive way to visually ghow how diffeserl Sz\js'ten.s ase  connected.
[£ is the standacd way to illustrobe the intecconnection of diffecent systers and control aschitectures.

Lets begm with the simple cose given by :

e Y —

Hefe ¥ wops on nput w 4o on output y -We can write thok:

y=2u

We can also have twe systems, one offer the other, like so-

— Zi Zz —

To help us find the imput -output celation we com defive om imbecrmediate Sgnod o, and
onalyze both blecks ceperatley -

1. y= zzo.

— Combining beth results w: [y=% ¥ u

2. o= . w

1

We can also hove fwo sgste'n.s in pacalle] :

w y
> 21
y=u+, u
y= ( 2, Z2.) 1L
zl
i we combine both e ebtain
w o y

5, 3




We can also introduce (negptive) feedback :

w . e 5, y ) We follow the Some recipe
y:zie y=zl(u'—zly)
zz esu- e:u,—zzyj

so y=%(u- Zzy) , fearanging we obtain:
y=ru-32.y
y+I 2,y =ru
(1455, )y=T,u

y- pIRTS
1-%,%,

y= (155) Tu| o

Exam. Problem:

HS 22:

onlvd X6,

ase scalacs |

Problem: Consider the interconnected system shown in Figure 4. You can assume that the
input-output relation for each system 3; is given by y; = ¥; - u;, that is, each of the systems ¥;
represents a simple scalar gain.

234
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Figure 4: Interconnected system.

Q4 (1.5 Points) Derive the transfer function ¥ from w to y for the interconnected
system shown in Figure 4. Simplify the result as much as possible.

lmportart: Lo ossume every X fo be o ecalac!
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Lets qo bock one step and lok of o gimple feedbock loop with T being o scolas
goim, Meaning y=2e with ¥ e R

The '\\r\pu(: -ou{-pu{ celation e S.NQ\ 0S

w e 5 y y=Xe
" eswu-y
y: Z(u,-y) L— (1 +Z)y= Su & y:—% w

If we now choose T 4o be -1 the oubpuk y wil go ko infiidy, independent of w.

Thot meoms thot we have to be caceful then using feedbock , else aus gystem wight become

tnekoble (ie.,y»00),

With the welp of bleck diograms we cow olse \itualize Seme bosic conkeol acchitectures.

Feed - forwosd :

— F y P +H——

fequires precise Wnowledge of plaxt

Feedback

r e w y

SR

con homdle disbusbances and uncectainties bt can iwtroduce. ingability

To degrees of freedom :

r e 4 U y

qoed tonsient behaviot ond good trocking of fosk chonging  references.




