


























































































Control Systems nbartzsch

1 Recital 20.09.24

Modeling

WewanttoLearnhowtomathematicallyrepresentdynamicsystems Specificallywewanttowrite

downequationsthatexpressthe outputas afunctionoftheinputandsome internalparameters

u System

Important All models arewrongbutsome are useful

Inputscanbe

Endogenous canbemanipulatedbythedesigner eg controlinputs

Exogenous generatedbythe environmentandcan'tbe controlled e g disturbances

theyencompasseverythingthat affectsthesystemovertime

Theoutputscanbeclassifiedas

Measuredoutputs whatwecanmeasuresensors eg speedofcar

Performanceoutputs notdirectlymeasurablebutwewanttocontrol eg argfuelconsumpt

theyencompasseverythingthatweobserveaboutthesystemovertime

Internal parameters are systemspecificanddonotchangeovertime

Allsystemsthatwewanttodescribe canbe representedbydifferentialequations

Thatmeansthatthewaythesystemischanging isrelatedtothecurrentstate

howthesystemchanges f currentstate





























































































Example
Hookeslaw

Newtonssecondlaw ma FringKx Displacement
Restoring L

Forthissystem force
nogravity

Pt
2ⁿ odrderODE

SinceKandm are constant we can observethat a changeofpt mustbeaccompanied

byachangeinpt

We can alsoapply an external force at tothesystem

m Ut Now Newtonssecondlawyields
nogravity

Pt 2ⁿ odrderODE

Nowtheinputforceut alsoinfluenceshowthesystemchanges

Ifwetakecloserlook atthe2ⁿ odrderODEwe can regochizethat it can be rewritten as

a systemof1ˢotrderODES seeLinearAlgebra

Withthesubstitution

X
tptx.at

pt

we obtain whichcanalsobe re writteninmatrixform

X t hat t 0 1 t 0
t

at Ex t Mut hat O X t in

Thisissomethingwe alreadyknowandcansolveTheonlythingLefttodo is defining

whatwewanttomeasure inoursystem i e whattheoutputisHere we can measure

forexamplethevelocityofthemass























































































Theoutput yt isthenequaltoptandthereforeX t Nowwe canwrite
everythingtogether as

X t 0 1 X t 0
ᵗ

Rat In0 hat m Ut

yt 0
t nogravity

Pt
at

Thissystemofequationsnowrepresentstheoriginalmassspringsystem

Thevector containsallstatevariablesofthesystemThestatesdescribehowasystem

changesinternallyovertime It can bethoughtof as amemory containing a summaryofhowthe

systembehavedinthepastGiventheinternalstatesandthecurrent input we can uniquley

predictanyfuturebehaviorWewillintroduce a formaldefinitionnextweek

Wecannowgeneralizethisto a standardformthatwewillgenerallyusetodescribedynamicsystems

xtfxt.at

ytzxt.at

Thisis calledthestatespaceformsincewe areobservinghowthestatevector changes

Example Swing fromtheLecture

Notation

Swingangle
I m Pointmass

1 Pendulumlength
g

cseither

m
Given

balanceofangularmomentum basically F mafor rotations

Mech summary



1 i

gravitytorque frictiontorque pushtorque fromlectureslides

Theformulaincludesthesumofalltorquesactingonthesystemthemomentofinertiaand

theangularacceleration Inourcasethevaluesare

I mi 1 gravitytorque frictiontorque pushtorque

1mgsinot cot loose tut

1

cost tut
notorque ut

mgsinet mg
torque

SoourODEbecomes

mi 1mgsinot cot loose tut

andwe definetheoutputtobe

Yt t

Nowwe set andobtain

X t tat
t t

mix t 1mgsind t chat lost tut
at Ot

yt t

whichagainis a systemof1ˢotrderODES inthestatespacerepresentation In
thecommingweekswewillfurtherinvestigatestatespacerepresentation



Block diagrams

Blockdiagramsare an effectivewaytovisuallyshowhowdifferentsystems are connected

It isthestandardwaytoillustratetheinterconnection ofdifferentsystemsandcontrolarchitectures

Letsbeginwiththesimple case givenby

u J

Here mapsaninput u to anoutputy Wecanwritethat

Y u

We canalsohavetwosystems oneaftertheother like so

a a
1 2

Tohelpusfindtheinputoutputrelation we candefine anintermediatesignal a and

analyzebothblocksseperatley

1 Y za
combiningbothresultsin Y 2 14

2 a

We canalsohavetwosystems inparallel

U J
1

9 14 24

9 1 2

2

If we combineboth we obtain

a a y
1 2

3



Wecanalsointroducenegativefeedback

u e Y wefollowthesamerecipe
I

I se 9 14 28
a e a a e u 2J2

a 2J

so Y u ay rearranging we obtain

Y 14 1 20

1 20 14

1 1 20 14

1 12 in or 17 ital S

ExamProblem

HS22

e

d b a

Important Weassume every tobe a scalar



Let'sdoitstepbystep



Letsgobackonestep andlookat a simple feedbackloopwith being a scalar

gainmeaning y e with c 2

Theinputoutputrelation isgivenas

a e y
e y

y u y 1 Y U Y u

Ifwe nowchoose tobe 1 theoutput ywillgotoinfinity independentofu
Thatmeansthatwehavetobecarefulwhenusingfeedbackelseoursystemmightbecome

unstable i e y

Withthehelpofblockdiagrams we canalsovisualizesomebasic controlarchitectures

Feedforward
u J

requirespreciseknowledgeofplant

Feedback
i e

c
u s

canhandledisturbancesanduncertaintiesbutcanintroduceinstability

Todegreesoffreedom

r e U J

goodtransient behaviorandgoodtrackingoffastchanging references


